Let A be a recursive structure, and let R be a recursive relation on A. Harizanov ( 1991) isolated a syntactical condition which (with additional effectiveness conditions) is necessary and sufficient for A to have recursive copies in which the image of R is r.e. of arbitrary te. degree. We had conjectured that a certain extension of Harizanov's syntactical condition would (with some effectiveness conditions) be necessary and sufficient for A to have recursive copies in which the image of R is Pa of arbitrary z", degree, but this is not the case. Here we give examples illustrating some restrictions on the possible Pa degrees. In these examples, the image of R cannot be z", of degree d unless d possesses an "a-table" (a sequence of sets in which each one is r.e. in and above the earlier ones).
Introduction
Let (do, R) be a recursive structure. In [ 1 ] we showed that if R has no recursive _ZI definition, with parameters, in & then, subject to some further decidability conditions on (.&,R), there is a copy (d&R') of (&,R) in which 4 is recursive while R' is not r.e. In [2] we defined 2; formulas where r assigned to relation symbols ordinals y and we considered r-structures, that is, those in which if r'(P) = y then P is J$. In [ 41, Harizanov assumed that F has no recursive .Zr definition, with parameters, in A, where r assigns 1 to all the relations in & and their complements and assigns 1 to R (but not to its complement).
She then showed that, subject to some further decidability conditions on (A, R), this has a copy (d& R') in which d& is recursive and R' is r.e. of any desired r.e. degree.
We might expect a generalization of this to hold: if cy < C-O?, r assigns (Y instead of 1 to R and RC has no recursive _Z,' definition with parameters in & then, subject to further decidability conditions on (A, R), this has a copy (A& R') in which 4 is recursive and R' is pa of any desired pm degree. It is the purpose of this paper to show that this anticipated result is false.
We give an example of (de, R) which has all the decidability one could wish for, such that RC has no Zc definition with parameters in do and yet the only degrees possible for R' in recursive copies (4, R') of (da, R) where 4 is recursive are z", degrees which have an "a-table". This notion is defined just before Theorem 8. We continue to observe that, for (Y >, 2, not every z", degree has an a-table, so this is a definite restriction.
Preliminaries
Let (Y < WOK. Let a be a notation for a in Kleene's 0. Then for the ordinals p < CT we may use their unique notations b <,g cy. Let L be the set of limit ordinals S with S < a. We consider the class M of all structures having unary relations Up and P,g for p ,< LY and &+i,s and Pp+l,s for p < S E L, having also one binary relation Q and satisfying the following universal axioms (some infinitary ) :
1. vx wp+ Up(x) To economise on symbols, we have used Up, etc. as symbols for themselves in a suitabIe formal language. That is, given f3, C, D E MO and embeddings then we can recursively find & E MO and embeddings h, k such that the following diagram commutes.
Proof. Since MO is closed under isomorphisms, it is sufficient to assume that f and g are identity functions and that C and D have in common only the elements of t3.
Then we may take E to be just C U D in which relations hold iff they hold in either C or D. To check that E E MO, note that sentences 1 to 7 involve only one universal quantifier, and such sentences are true in C U V whenever they are true in both C and D. For sentences 8 and 9 note that in each case the premises include Q (n, y) , so if the premises are true for two elements of & then either both elements are in C or both are in D. Then the implication holds because it does in both C and 2). 0 An expansion of our desired structure is the structure A whose existence is assured by the following. Checking that this new 2-element structure is in M, we deduce from Lemma 3 that there is such an x in A.
(ii) Similarly, suppose Up+t,s(y) & Up(x) & +'g(x) & Q(x,y). Then, by axiom 9, Pp+t,~(y). Conversely, suppose P,s+t,~(y). Then we have an embedding of the substructure {y} of A into the structure {x, y} satisfying the diagram of {y} and also having Q(x,y), Up(x) and +g(x). Checking that this 2-element structure is in M again shows by Lemma 3 that there is such an x in A. 0
We let da be the reduct of A to the Up, Ug+t,s, F's and Q. We let R be Uasa Pa. Proof. By transfinite induction on /3 2 1.
--We have Zi <I 5 iff for every d and every quantifier-free formula (p true of b, d there is a T such that 4p is true of Z,T.
Assuming that E <I 5, for each bi satisfying PI or any Pls we may choose, by Lemma 4, di with Ua (di), ~PIJ (di) and Q (di, bi) . We may then take p to be the conjunction Proof. Suppose that U,(U) , -P,(u) and u is not one of 5. Let 4p( 7, X) be the diagram of 7%~. Let ~'(7, X) be the result of changing lP,(n) to P,(x). Then we see that 4p'(L, X) is also consistent with the axioms for M, since inconsistencies arise only from two occurrences of 7P's.
Thus, by Lemma 3, there exists u' in Jlo with cp(Z,u') and then, by Lemma 6, E, u' <, E, u so that R( u') and every & formula r/(7, X) true for 5, u is true for 5, u'. This removes the possibility that RC has a 2, definition in da with parameters Z. 0
Definition. An a- proof. By Lemma 5, each Pa has a definition in da, and so has a unique copy Pb in d'o. We let Tp = UrGBP$ Then TO = Pi is recursive since PO is part of do. For P+ 1 G LY, Tp is uniformly recursive in Ta+l since Tp = T~+I\I!$+,. For /3+ 1 < a, Ta+, is uniformly r.e. in Tp since, by Lemma 4, y E Tg+l w y E Ta or y E UP+, and there exists x with Ub( x), +k( x) and Q'(x, y) . For /3 < S E L, Tp is uniformly recursive in TS because Tp = Ts II (U , , GB 17:) and Ts is r.e. uniformly in @p<sTp since y E Ts w either y E UPC8 p T or, by Lemma 4, y E Uh and there exist p < S and n E U;3 with -Ph(x) and Q/(X, y). Also, by assumption, T, = R' has degree d. Cl
Conclusion
Certainly every z degree has a l- In a paper in preparation [ 31, we hope to obtain sufficient conditions on a recursive structure (do, R) that, for every degree d having an a-table there is a copy (d'c, R') of (do, R) in which A'0 is recursive and R' has degree d.
